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On Meromorphic Functions with Three Almost Linear Values

Chung-Chun Yang

Mathematics Research Center
Mathematics and Information Science Division

Abstract: In this report we prove that if a meromorphic function f has three distinct
values a, b, and c (-o is permitted) which are distributed almost on a line through the origin
and if N(r, f) = O(I)ra, a< 2, then T(r,f) O(1)ra (if 2 > a> 1)orT(r,f)= O(I)rlogr
(ifa 1).

INTRODUCTION AND STATEMENT OF MAIN RESULTS

Let f(z) (z = reiO) be meromorphic for I z I < - . Consider a system of rays defined by

re ire re q, r > 0, (1)

where

06 01 <02 < .. .<Oq <2ir, q > 1.

THEOREM I (Edrei [ 1]). Let f(z) be meromorphic for I z I < o- such that all roots except the many
finite ones of the three equations

f(z)=0, f(z)=oo, f( 2 )(z)=I (Q 0, f(O)=f) (2)

be distributed on the system of rays (1). Denote the deficiency of the value a of the function f( 2) by
o (a,f (2)), and assume that

(0,f) + o (1,f) + o (of) >O. (3)

Then the order p of ftz) is necessarily finite, and

P (<2Jo1'o3-o2 ), where Oq+1=2 71+01.

The above result has been strengthened by Ostrovskii [2]. Throughout the following, f will always denote a
meromorphic function for I z I< , rke'Ok } denotes the poles of f(z), and

NRL Problem BO11-1 1; Project RR 003-02-41-6153. This is a final report on one phase of the problem; work is con-
tinuing on other phases. Manuscript submitted January 8, 1971.
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C(R,a,P,)= 2E, R27r/-.) sin -(l k-a), 0<3a i• 2lr.

a < k< a

K1 (t) and K2 (t) will denote two positive nondecreasing functions of t, and ki = lim Ki(t) (log t)- 1,

i= 1,2. t -

Definition 1 ([2] p. 971). The a-points of f(z) are "near" the system of rays (1) if the following con-

dition holds:

qZ C(R,OiOi+ ,(f-a)-1 )<K1 (R)K 2 (T(R,f)) (4)
1=1

with k1 finite and k2 1.

Definition 2. A value c (cc permitted) is called a *-defect value of f if

A*(a) = sup lim m(ra)
r-+cco T(r,f)

BceK reB

where K denotes the class of subsets of the positive real axis with upper density less than one. (The upper

density of a set E C [ 1, cc) is im r- 1 mes (I E n [l,r ). Using Nevanlinna's theory for functions mero-

morphic in the whole plane as well as in a closed sector, Ostrovskii proved the following:

THEOREM 2 (Q2] p. 971). Let f(z) be a function meromorphic for I z I < o. Suppose that at least one

of the following conditions is satisfied:

A. (1) The zeros and poles of f(z) are "near" the system of rays (1); (2) at least one of the function f( 2) (z)

(Q > 0) has one *-defect value which is different from 0 and cc

B. (1) The poles of f(z) and the a-points of f(t) (z) (a # 0, c) are "near" the system of rays (1); (2) zero

is a -defect value of f(z).
C. (1) The zeros and poles of f(z) and the a-points of f(2) (z) for some a # 0 or 0 are "near" the system of

rays (1); (2) oo is a *-defect value of f(z). Then the order off is finite and does not exceed the value of

x=x(rsklk 2)= (ir+Tkj)y-'(l- k2 )-1 ,

where y=min ( i+I - i).
1 6 i q

Moreover, if both values ai = lim Ki (t) t-ki(i = I, 2) are finite, then the growth of T(R,f) does not exceed

the normal type of order X, and if in addition one of these ai values is equal to zero, then T(R,f) is of, at

most, minimal type of order X.
If k1 = k 2 = 0, then the order of f is at most iry l. Also T(r,f) is at most of order 7ry- I mean type. In

particular the above conclusion holds when Ki(t) = 0(1) (i = 1, 2). Thus the assertion here is stronger than

in Theorem l.
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Since A * I(c) = 1 for any entire function, the following results from Theorem 2.

THEOREM 3 ([3] p. 487). Let f(z) be an entire function. Let {b, ) Q=1 (bg #0) and 1cm m I:
(cm t 0) be the 0-points and 1 -points of fiz) respectively. Assume that

I Im(b)-Y l+ E I Im(cm)-' I<c. (5)

then f(z) is an exponential-type function satisfying

I log If(t) II _dt <c

a I + t2

It would be interesting to prove or disprove the hypothesis that (fz) has a *-defect value which can be

removed from Theorem 2. In this report when the system of rays (1) consists of a line through the origin,
some results slightly weaker than those obtained in Theorem 2 will be established without assuming that f

possesses some *-defect value.

The methods used in this report are based on Nevanlinna's theory, on its analogous theorems for func-

tions meromorphic in an open halfplane mostly developed by Tsuji [6] , and on the fundamental result of
Levin and Ostravskii [4] . It is assumed that the reader has some acquaintance with the usual notations

such as m(r,f), N(r,f), and T(r,f) and with the basic results of Navanlinna's theory or meromorphic functions.
For a good account see Nevanlinna [7] or Hayman [5 ].

Before we give a precise statement, we first introduce some necessary definitions.

Definition 3. A sequence of nonzero complex numbers Ian ) forms a generalized A. set if the following

condition is satisfied:

E Ilm(ane- if )= O(log r) as r-*c.

I Im (ane-io)-l I > - 1

Remarks: (i). If 0 = 0 and the summation is bounded as r - cc, then (an > is called an A-set [4] .

(ii). In particular if all the numbers an lie on a straight line through the origin, then an

forms a generalized A.) -set.

Definition 4. We shall say that a complex number c (cc permitted) is an almost linear value of f it the

roots { cn > of the equation

f(z) - c = 0

form a generalized A. -set.

With the above preparation we can now state our main results as follows.
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THEOREM 4. Let f be a meromorphic function in the whole finite plane with its number of poles
satisfying the condition:

N(r,F)=O(l)ra asr-+-,

where a is a constant less than 2. Assume that there are three distinct, almost linear values a, , a2 , and a3
(cc permitted) and that the zeros of f-ai = 0, i = 1, 2, 3, form a generalized AO-set. Then

O(l)ra if 2>a>I;
T(r,f) =

0 (I)r log r if a 1.

The following is an immediate consequence of this theorem.

COROLLARY. Let f be an entire function. Assume that f has two finite, distinct, almost linear values
a and b and that the zeros of(f-a) (f-b) = Oform a generalized Aep -set. Then the order off is at most one,
and in fact

T(r,f) = O(r log r) as r-ec

By using a result which is analogous to Hayman's ([5] p. 60), we can strengthen our results somewhat by

taking into consideration not only the almost linear values of the function but also the almost linear values
of its derivatives.

THEOREM 5. Let f be a meromorphic function such that the condition of Theorem 4 is satisfied.
Assume that the roots of the equation

f(f( 2) -c) = 0 (Q is an integer; c 0,)

formageneralizedAa -set. Then

J O(l)ra if 2>a>I;
T(r,f) =

O(I)r log r if a<1.

As an immediate consequence of this theorem, we obtain the following known result.

COROLLARY ([I] p. 277). Let f(z) be an entire function, the zeros of which are real. Furthermore,
assume that for some integer Q (Q> 0), the roots of f(Q)(z) = I are all real. Then the order of f(z) is finite
and does not exceed one.

NOTATIONS AND PRELIMINARY THEOREMS

In what follows we shall use f to denote a function which is meromorphic in the whole finite plane.

Following Tsuji [6] we let
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1 ir-sin 1 (r 1 ) dOm0 (r,cc mo(r,f) = T- flog' If(r sin Oe'0 ) I-Ji sin- I(r 1 ) rsin20 
I~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~I

mo(ra) = mo(r,F-) (a # ),

and

r 1 n(t,oo) sin Ok I
N0(r,-) = N(rf)t dt =nE (t rk -)0'' J1 t2 rk r

I<rk< rsin Ok

where no(t, cc). denotes the number of poles of the function f(z) in the region { z- (it/2) I 6 (t/2),
iz I > 1 , { rkelfk ) are the poles of f (counting multiplicities),

N0 (r,a) No( (a ),

and

T0 (r,f) = mo(r,f) + N0(r,f).

The functional T0 (r,f) is the (upper) half-plane (i.e., Im z > 0) Tsuji characteristic of f. Tsuji proved the
following two fundamental theorems, which are analogous to Nevanlinna's first and second fundamental
theorems.

THEOREM 6. For any complex number a (a # cc) and any nonconstant f meromorphic in Im z > 0,

T°(r'f-a) = T0 (r,f) + 0(1).

THEOREM 7. Iff is meromorphic in Im z > 0 and nonconstant and if a,, a2, . aq are q > 3 distinct
numbers (cc permitted), then

q

(q -2) T0(r,f) < L NO(rak) + R(rf),
k=1

where R(rf) = { log r + log To (rf) ) for all r outside a set of r values of finite measure.

The following theorem is an analog of a result of Hayman which will be used to prove Theorem 5.

THEOREM 8. ([4] p. 332). Iff is meromorphic in Im z > 0, then for Q > 1 we have

T0 (r,f) < (2 + -)N0 (r,) + (2 +-.)N 0(r,F(Q)) + R(r,f).
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PROOF OF THE MAIN RESULTS

In proving the main results we first quote the following lemma, which builds a relation between the

quantities m 0or (r,f) and m(r,f). The lemma will play an important role in the proof of our theorems.

LEMMA (Levin and Ostrovskii [4] ). If the function f(z) is meromorphic in the halfplane Im z > 0,

then the following inequality is valid:

f m0 7r(rf) d f rmo(r f)J ,r~)dr <•(rf dr (R >1),
JR r 3 JR r2

where

max(r,f) = 2 J log+ I f(reio) I dO (0 6 a < I < 27r).

Proof of Theorem 4. First of all we may assume without loss of generality that 0 = 0. If follows that
the zeros of the equations

f(z)-ai=0, i=1,2,3,

form a generalized AO-set. This and the definition of the N0 functional imply that the following con-

ditions are satisfied:

3

N 0(rfI = O(log r). (5)

Therefore it follows from Theorem 7 and (5) that the following relation holds outside of a set of r values

of finite measure in both upper and lower halfplanes:

T0 (r,f) = O(log r) asr-+cc. (6)

From the monotonicity of T0 (r,f)([6] p. 108), it is easily shown that this estimate holds for all suffi-

ciently large r.

Accordingly we have that

mo(r,f) = O(log r) (as r e cc). (7)

holds in both upper and lower halfplanes. Here we denote, without ambiguity, the Tsuji functionals

mO(r,f), No(r,f), and T0 (r,f) for both upper and lower halfplanes.
Applying the lemma of Levin and Ostrovskii on both upper and lower halfplanes, we obtain
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f mor(r'f)d

R r3

fm 7r(r,f) d <

R r

R

I 0 O(log r) d (R > 1)

R r

Combining (8) with (9) and noting that mo 1.(rf) + mr 2 ,r(r,f) = m(r,f), we get

w f(o tfad = 0(1)-.ogr

Now from the hypothesis that N(r,f) = O(I)ra we have

fN(r,f)
JR T

dr =

0(1) if 2> a> 1;

O(l)logR ifa61.
R

Adding (10) and (11) we obtain

f T(r,f) dr =

R

°( ) 2>a>1;

O(l)logR a 61.
R

(12)

Since T is a monotonic, increasing function of r, it follows from (12) that

T(Rf)

0(1) if2>a>1;
R2 -a

O(l)log Rif a 6 1.
R i a l

Consequently,

T(Rf) = O(1)Ra if2>a>l;
8 O(l)R log R if a6 1.

Theorem 4 is thus proved.

The proof of Theorem 5 is almost identical to the above argument when one notes that under the hypoth-
eses of Theorem 5 one can obtain the condition (7) from Theorem 8.

and

C:
7 a

r-8
:r.

(8) -

MI,

(9)

(10)

(1 1)

0(log r) dr (R> 1)
r2
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